
 
CayleyHaneiton

Recall that the classical Cayley Hamiltontheorem says a matrix

A on a finitedim vector spacesatisfiesits characteristic

polynomial p x Det XI A We prove a more general version9
identitymatrix

for finitely generated modules

Th y.tw n let R be a ring I an ideal M an

Rmodule generatedby n elements let 4 M M be a homomorphism

If 4 M EIM then there is a monic polynomial i.e w leading

coefficient 1

p x x pix t tpn

s t pjc It for each j w p Y O as a map M M

PI Let m mu be generators for M Then we can write

4 mi EaijMj Aig c I and let A aij

We can treat M as an RED module by setting xa 4cal
for acM i e X acts as 4

M

set m
inn Then we can rewritethe above as



x 1 m Am XI A m 0

Recall from linear algebra that if B is the matrix
of cofactors for XI A then B XI A Det XI A I

Thus Det XI A Im 0

i e det x1 A mi O t i Thus det XI A annihilates
M so if p x det x1 A then p 4 is the zero map

Since aij c I it's straightforward to check that the coefficients

are in the correct powers of I D

Cayley Hamilton is usually stated for vector spaces and in

fact gives us some results that show certain modules behave
kind of like vector spaces

Def let 12 be a ring F an R module F is free with
freebasis BEF if every element of F is uniquely an
R linear combination of elements of B Equivalently
if b bn E B are distinct then a b t taub O
all ai D

Of course if R is a field this is the same as a vector space



basis

Freeness is equivalent to F E ftp.Rb which is isomorphic
to R in which 1,0 7 o 1,0 gives a freebasis

C Ithas some surprisingcorollaries for modules

Eur R a ring M fg R module

a If 2 M M is surjective it's an isomorphism

b If MER then any set of h elements that generateM
is a free basis in particular the rank h of M is

welldefined

Rf a Again M is an Rct module where tm d m

If I t then since 2 is surjective IM M

So we can apply C H w Y id

So there's a polynomial p x x t pXn t Pn
s t p id 14 0 and pie t pi ait some a ER

Thus I tat tat't tanth M O

Itt a tartt M O
gut



I quit o f q d 4 1
so g d is an inverse for d so L is an isomorphism

b Choose generators mi inn for M We can define

a surjection
B R M sending each basis elf to an mi

Choose an isomorphism 8 M R Then B8 M M
is a surjection so it's an isomorphism

Thus ft 8 p is an isomorphism so m Mn must
be linearly independent and thus form a basis

To see that rank is well defined suppose Rm R
and men

let a am be a freebasis for Rm If weadd n m Os

we get h generators that don't form a free basis D

Remark If pcRED we can think of RG
p as

adjoining a root of p to R

For instance when we localize at 1,9 a this is the
same as

R
ax l



Cayley Hamilton gives us a result dealing w the

case when PG is a mmmm polynomial of arbitrary
degree

Pep let R be a ring and JERED an ideal
let 8 12 YJ and s the image of in S

a S is generated by ten elements as an R module
ill it contains a monic polynomial of degree En
in which case it's generated by 1 s 5

b S is a f g freemodule iff J can be generated by
a monic polynomial In this case I s s is a

free basis

If a I s 5 certainly generate S If J contains a

monic polynomial p of deg h then if d2h
Sd hp s SdtvSd t lower degterms 0 so Sd is

generated by smaller powers
I s s generate S

Conversely suppose S is generated by h elements
Let 4 S S be defined 4 a sa

let I R Then C H says 7 p x Xhtpix t Pn



S t pi G R and p s O Thus p x c I

b Suppose J is generated by a monic polynomial pot
degree h Thin by a the first h powers of s

generate S

Suppose a a St tan ish O some ai c R

Then q X aota.at anish t c J p

But p hasdegree n so q O I s s form a free
basis

Conversely assume S is a freemodule of rank h

By a there is a monic polynomial p at deg n in J
so S is generated by 1 s

But S is free at rank h so this is a basis for S

We claim F p If fo J and deg f Ch this gives
a linear relation among 1 Sh so f O

If degf D 2h write f adXdt lowerdegree terms

Then ff adXDhp c J has lower degree Repeating

this process we get f Cfpc J which hasdeg L h



f app O f c p D

R algebrasandintegrality

Def An R algebra S is a ring along with a map4 R S

In this way it's also an R module so we can just write
rs rather than 4G s Usually we care about the case

Where R E S S is finitely generated if I v sheS s t S
is the ring generated by 4 R and V Nn

Def SGS is integral over R if it is theZero of some monic

polynomial in RED If every element of S is integral over
R then S is integral

We'll soon prove that the set of elements integral over R is

a subalgebra of S called the integrase of R in S
or the normalization of R in S If R is an integral
domain the integral closure fornormalization of R
without reference to a bigger ring is the integral closure
in its field of fractions

Geometrically normalizing aring corresponds to improving the
singularities of a variety or scheme eg the normalization of
a curve is always smooth



Def An Ralgebra S is finiteovert if it is finitely generated
as an Rmodule finiteness f g as an algebra

Ex D RCD is a finitelygenerated Ralgebra but it's not finite or

integral over R

2 12 2 is finite and integral over R

3 IQ T2 V2 V2 is integral over Q but not finite

In fact finiteness is a stronger condition than integrality

Pep An R algebras is finite over R ift S is generated

as an R algebraby finitely many integral elements
ie 5 124 xD duesT L Sinfarge generators

in s integrayr

Pt Suppose S is finite over R If ses then malt by S is
a map S S and the Cayley Hamilton thm shows that s

satisfies a monic polynomial

Conversely if S is generated as an R algebra by t elements

let S ES be the algebra generated by t l of them By
induction S is finite over R



Assume S is generated by si finite as an Rmodule Thelast

algebra generator of S call it s is integral over R and is thus

integral over S so S'C g s'C
p I

X 1 s

where p is monic and PCs O Thus PEI so by the above prop
there is a finite set of generators for S as an S module say ti

Thus S is generated as an R module by sitj D

Another application of C H gives us a criterion for when an element

is integral over a ring

Pep If S is an R algebra and ses then s is integral overRiff7 an S module N and a fg R submodule MEN not

annihilated by any nonzero element of S s t SMEM
In particular s is integral Rls is a fg R module

PI First of all we showwhy the lastsentencefollows
If s is integral then the previous propimplies Rcs is finite over R

It Rls is finite over R then set N Rls M Rcs IeRcs is

not annihilated by any elf of S s is integral



For the first sentence first assume s is integral over R Take N S
Then M R s CS But then MER where I contains somemonic

polynomial that s satisfies Thus M is finite over R

For the converse Let 4 M M be multiplication by s Then
we can apply C It with I R and we get a monic poly p x

w coefficients in R S t p s M OO But M is not annihilated by nonzero
elements of S so pls O s is integral over R D

As previously mentioned integral elements over R form asubalgebra
So in particular it s sn are integral over R w is Rls Sn

Them let S be an Ralgebra Theset of all elements of S integral
over R is a subalgebra of S

Rf a b integral over R WTS atb and ab are as well

Rca b is finite oven R If s ab or at b set N S M Rcab

Then M is not annihilated by any elf of S and SMEM

Thus s is integral over R D

we now give one more corollary of CH that will help us prove
Nakayama's lemma

Cer Ma fg R module I am ideal of Rat IM M Then 7



an element reI that acts as the identity on M i e G r MO

PI let 4 id By CH F p pn s t pj c It C I set
I pit tpn M O Set r pit pm D

Det The Jaco ical of a ring R is the intersection of

all the maximal ideals

Note The Jacobsonradical contains the Nitradical but in general they
don't coincide eg k oYTc y hasJacobsonradical Gly but

hitradical 0

N a a let I be an ideal contained in the Jacobson

radical of a ring R and let M be a finitely generated Rmodule

a If IM M then M O

b If m muCM have images in HIM that generate it as

an R module then mi mw generate M as an

Rmodule

Pt a The previouscorollary 7 re I s t l r M O

is in every Max't ideal so l r is in no max't
ideal so l r is a unit M O

b let N MICERmi



Then MIN MKIM ERM O

N IN so N O M ERmi D

Note Weassured M is f g so we can't use part b to purge some

module is finitelygenerated

Cer If M and N are fg R modules and M RN O
then annM ann N R If R is local M or N is O

PI First assume R is local and M 1 0 If P is the Max l

ideal Nakayama Mpm 0 This is an Rfp vectorspace
so there's a surjection Mpm Pyp

Thus M N O surjects onto Rfp N Vpn N PN N o

Now if R is not local assume annM tann N R
Find some prime P containing annM and ann N

Then Mp ppNp D eitherMpor Np is 0

Mp o there's an elf not in P that annihilates each generator
so the product annihilates M a contradiction D


