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Recall Twat e assical ijLquHmilhm Theorem wys  a matrix

A on o finte-dim vectorv spote satiifies its chavacteird st

PolnﬁmmialJ P(?r)=dx+(7";l%--"A>, We  pove o move jomunal  Vrsith
s

Hor Fu’vn']-dj WML{d modules:

Tam (Cogley-Hamillon): Lt R be o ving, T om idal, M om
R-module  guumated by w elements. Lt QM =M be o homomaplis,
e F(MYCTM, wm T b5 & monic polynomid (e w/ leading
tocflivient 1)

p(7) = "+ pa™e . tpn

$.b. Péela fov each d W/ P(‘()‘-Oj s a Mmap MM

H: Let My, m, be Wah:vg for M Thin we  comn wiite
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Bov aeM i x acts ag ¢
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Recall Hom liwear alg,v.bru that i€ Bis P meabix
A ofeitors for (7L-A)  fuenn B (xL-A) = det (1AL

Thus,  dat (ﬂl—A)’Jlm =0,

. dt(xL-A)m; =0 Vv . Thug et (AL-A) omnililabes
M, | ¢ F(w)=d-¢+(7‘:ﬂ- —AB s PC’() is The Zew map.

Sthee a(ée"]:) it's, sh—aijh{‘ﬁvwakd o cdreck Twat Tue coefficionts

te in Mo et powers o L. D

(,w.,lle%-[—famil-l-oy\ 1S usua“lj stated for vector sPa,u_slowJ in
fuck, gives us some besull that show  watain wedules behaue

kind * ik Vector spog §.

Defi Lt R he o ving, Fom R-module. F is free witn
Pree bacis JBQFH'- LVewy elamundt 8 F s mique(\jow
R-lineav  tovwbination of  olevants of B. Equivatw\ﬂﬂ,

it b, by, < B are distinet, Twem  a,bit... +a,b=0=D

all a" ‘.':O.

Of course (f R IS a f-fdo{, ‘hq;'s 1$ e Ssame 04 a4 vechor spal
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icme_ss i% equi valent o F b@ﬁRLD whieh g i&vw\ovplm‘c,

tv R ) in  Whrch (,‘,0) ) (0,1 [,0,.-)... 37VL3 o free basis.
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M: R a Ifl’l/\j) M (.3, R-module.

) £ AH:M—oM g mvétoh\m, (t's awm isomopphigm,

b) (£ M%’Rh) 2\ VP oy et ot n element That 8,(/.A.ura+-t M
s o Avee ‘ocui_SJ' in pavh'cu\ar, Twe romk , h, of M i
we \l-defined.

Pt a) Rgqain Mis o RJ-module whue m=of (m),

e T=0(@), han sinee o Ts suvjective, IM =M.

o Wwe can C(pplj C-H w/ Y=id.

So Twrd's a pulﬁmo mial  p(x) = £ P X" e ot Pu
s.t. PC"O()M=O, o d p; € (t = p;= at , ome a4 ek
(( +ot rats . +ant"\) M =0

= (1+t(a+at+))M=0
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¥o "ﬁ/("(\ (§ oan iveg fH o() w o 1§ om ]?‘DW\OVPLWM.

b)) Choose Jomer-ators My, m, o M We wm difine

o guvd'{,(,ﬁ'lﬂ/\

P:R““’M sx.mdfm; each hagis ol b owm m, .

Choose o  isomovphism ¥ : M—R"  Tum py :M—M

iy o mkde,c:h'dh) 0 it's oanm iSDVV\oVPhiS'VV\.

Wus) usx)x“:p 1§ om o morphism, o m,,...,

he l\'l/u.av(w:) iv\o{.clwndxm4- omd Mg favm o basis.

m, Mmugt

To e That poamk is well-defuad,  su Ppo % ng RKJ
DV\«_,&} < h.

bt Qs 8 be a free bogic P R™ 1€ we add n-m  Os,

we %mt n (amro\‘f'ors twat don't form o free boyis. 1D

Remark: I+ peR[) we com tnink &4 P\[}ﬂ/(’lo) oS
Md'm’mmj a wot oA p t R.
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Cose i p(¥) 15 o monic pelynovmial  of qui‘JVaVb

dx.ﬁw,e, :

’Pﬂfl Lt R be o V\’th omdd JE RDD o (dual.
Let S"‘P\C«}/T) oamd = e \"W\-qjcoP" x i D

o) S is WJ—&A blo 2 elemants o3 av R -module
i it comnfains a mumie polljmmial o dajwe <,

w -l

im which Case 4% gumwated by s, .87

lo) D is a F.ﬁ. free. module i J o be ?M\/\W’t{"td b’j
o WMonic y)o(cjy\mio\l- ln arg e, Lis, ., &7 i a

free bagis

‘P{": Ot) [, S,s")___ (,e,H—m'hlj Wa‘fe 5 (£ J containg a
Mmownic Po(jhowﬁal b P (143 h, e, £ d21n

gd-v p(s) = e st 4 lower dag t+erms =0, %o 34 [

gmerated \'nj smaller powers.

:;) \, S, ---) Sk-] 3/‘/\/\-’./‘0\.'}'6 S

Cﬁv\vors.e.l\jJ uppo S 1% Wal-co{ ""‘j n elevman ts.
Lot ‘(S—%S he defined L(C’*)’SQ..

Lt T=R. Tam C-H says 3 p (=" +p %" pu



sk pie R and  p(8)=0. Twug p()ed!

LB Suppog{_ J 1% %MA‘LV‘O\‘{'{A L)—\? a Wwonie PD(ljmoV\m'a] pu-f‘
Ax\jn,a n. T, }71 a.), Twe fivst n PO W T SR

?Umwmlf S
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Su\opou 0, +tQs+..-+Qa, 3 =0, yome ag eTZ.

Twm q,(ﬂ‘-aﬁa\?w.-.a,,_,sk—l & J = (P)
But p  has zhjm{ n, w =0 = LS, oo, 87 v o fren

bu;is.

LGV\U£VSA\3) wssume S is o free wmodule o ramk n.
\3\,] c,,), Ty is a Mmonic Pol\jhow‘iql p ok d-Lj n in O—)

h-l

S0 S % &vay-ai'ccf L’Jﬂ ‘)---)S_
But S is free ok romk n, w This i« a hasit B S

We claim  J= (p). 1 Fel, omd o&.jac<h, i jives

o livewr relation among l,---,S“") S £ =0.

(£ ob.J f=d2n write & q x4 & lower dx.jvu ferms,

d

Thumn .": -y x” " e J lhas lowev digree. RL\oz_ah“vx
P § N

This Process, we 9ok F-qP €J, which hay des <€ 0
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&a lg&bm_s ovd inteqyzli ’("j

D_if-’ Al/\ &Ml%byk 6 IS oo Im'V\j &(lﬂnj with a qulo ('FR%S

Il aig Wy ity alsn awn R'Wtoo(/t/\le_, o We Com a\/m_\'l‘ white
rs rathe, Tah (-P(")s. Usua“b we cave abput v Cesg,

C .
Wher e R < S S s ‘Fn'm]-du:]"gmvm-cd it 3 VI.)"'_)VVIéS .5 D

18 T\/LL Vihj Wakeo‘ b‘j Le (Q.\ w 4 ) "‘)Vn.

Def: 36-5 ig ivx;l—_eﬂr&ll oV R i+ s Twe zaw o8 some momic
polamown’al in R(x). £ every  elonmunt of—=3§ s ivxl—¢jml v-eu
R , T S s nte qml New ’2

We'll wm prve That Tue wb o elamunts IVH-ijl over R
a subalgebra oA § called  the intequl closure o R w S
(or e novmalizatam o R w S) £ R iy am intequul

dowdm) e (m+¢3m\ closurre (av MOVMaliZ-od‘lG\rD A R
(Witout veferema h « bigger VI'V\:’B s Tue inteqral]  closuve
m ts fidld of frachiws.

Clwmm'w“g, hovmqli%fhj uvfnj qupchS o th\oVoV\'V\j e
sinqulaviies of @ variety ov Sdhum. ¢4 T novmalizatin ot

oo e (5 alwams smovtl



Det: An R‘a\%lom S s fnte over R o i+ s ﬁvu'wl-tlt] aomerated

S om R“W\O(LMLZ. (fimihness = -[f?) 0s o aljlbm)

Q: W RC’(] is  a -pihil-e(b g,MM/wa"'ccx R—q(%bra/ but it's not finite ov

int ijl over R.

RCx) .
2:) Eé‘-) 5 -Piv\ﬂ-Q omd IVI'I'QjV&( LV R

3.) @ [‘E)QE, ﬁ,l i$ ih+cjml over @@ but not finite.

I fad, finitehess is a S‘l‘rohjek- condition tvom ivﬂ‘ﬁam\z’(’yi

Pop : An R-algebra S s fnte over ROTHE S 76 govu-ated

s o R~al3¢|ov-og bua -th[‘kl-.a Vv\.w\,.,j "vvl-c—\rjral tlermnts.
(2. 5=R’[°(l.)"‘)°(h w‘g.
(e - RTe ), aes )

:‘°~fs 'WW
H: Suppok S s finte over R 1E Ses, e mult. b(o Q s
o map S—S amd twe C,wj\uj—l-lqmilhm ™m  shows that s

Satisfies @ momic poljhmrak.

Cm/\vwsdtg’ VES s %,w\,w-al-cd as an R-q\%bm l’:] t {l-thJ
let SI CS he tvae a[%b‘m (‘a,uww-a#(d l'r\q F-l o tam. B\'d'
induchion S' is Evite oy R



A%YUW\AJ_ Sl i¢ %M/qul—cd Lﬂa %SCB (Hm'l-(,\ 0SS R-vrodu le. M’“‘i‘l‘
(a(je,bwb Wuhﬁv ot S, call it s, 1% ih{-tﬂml over R oamd 1y Thug

f“+°3ml Sver S; o S’U(] —9>S o S/ [x)
(p) T

X — 9

Wheve P 18 mMonie amed p(s) =0. Thug p6 L, by The above Ppwop,

Merve s o fnite set v gJMA-LM(LWVS for S a5 one SI-MOJM[{I Sy f,ti?s
Thus, S s gywwhal as on  R-module oy ‘335{7375 u

Avotine, app lrcaton & C-H 3iVe_s w  a ohterion o Wheh o elavmat

is inteqral over @ m‘yj.

'Pﬁf: £ S ig om R-q(gx,lom ook seS Twun s s fn+<j\ral o R
i 2 I o S-moduule ‘\J ond o p.g. R-submodule MEN  not

alsz\ilm'lal-u( l’lb (vaj howze-0 Q(CAM.MA"" (y‘@ S) s.b. SMQ M
[n pavh’culqv, s 0% ih{-cgml => R[s]) 15 a -P.j. R-module.

PE: Fink of all, we thow why M logh snbence llows.

&£ s is fvd‘(gml’ Thurn  Tue preubus prp implies R(s) is finte over R

I+ R(D is fwite over R, fwem s N=RCGY, M=RCsY . e REY g

hot annihilated bj amy elt ok S. = s ig integral.



Fov twe finst smtence, Hrst ocsruna ¢ is inteqral ovur R. Take N-=S.
~ RCx
Thm M=R(sICS . But tum M= }I:/, whure T wntaing some monic

Po(:jlnuwu'q( That s Saticles Tl/\ug’ M s Anike over R

For e ronuve Ve, Let $:M—>M be mulkiplicatim l'na s.  Naum
We cam  apply C-H with L =R | ond e ﬁ/d_ a  Mmownic P"(fj : P(")
W/ Coefliciemts in R st P(S)M =0. But M is not aunnihlatad by nonzew

Llomants o4 8, o PCS§=O = ¢ ig 1'M(-<j\ra( v~ R. O

As plrzm’umly memt'on ed, l'ln{-cjm[ eloments ovur R fovm m5Uba(3pM.

Sv ih Powh‘wtav) e S-S, Ove im(‘eﬁlrm( oVLV R, w i R[S,,...}S',\},

Thm: (4 S he on Q—algx.lom. The st o all eleents ol S ih'i-tjml

OV 12 it o %uloaljclom. o S.
PFI a,b integral over R, WTS atb ond ab ave oy well.
L ) -

R[“w'ﬂ is fnite ovwr R. F s=ab o atb ;| St N=SJ M=[2[“:'°1
T M s not annihilated b\j My elt of S) o sM c M.

T]A,ug/ S ig ihl—cjm[ v R. D

We now give one move tovollavy o€ CH Mat mill Welp us prve
N"lkﬂ«ngm‘s Levmwmnna

Cori Ma £4 R-module, T mw idwad of R b TM =M. Tw 3



o element Yel Tuat avts ag twe idamntity  on M. 1o (-M=0

'\if: (et ¢ =id. Blﬂ, C“H) I P, pn b p&eti ¢l ¢&.
(t+pit et pIM =0 Set r==(pt--+p.). O

M= The Jocobsom rdical ol o ring R i twe intersechtim ot
all e maximal  ideals.

M,: Twe Jooh con vadical containg tve Nilradical, but i j,(,m,m( m'ff/
Aot winceda : e’j' h[}x"lﬂt‘x,‘ﬂ) hos Jocobsonm redical (7"3>J but

nlireedica l 0.

Nukagamu‘s Lomme: Lt T he ow ideal tnbaingd in tme Ja whson
Fadical of o Vil/\\j R, omg (et M ke o Flhfﬁla W{-CJ R -module,

a) £ TM=-M T M=0.

) L& M(,.--,WIWC‘M have iww.a,z‘; in M/LM that Yrrvete it o

444" R' W‘-"A‘AL@, Man M, -- ome a/l/\,u/wt,d‘e H as  om
R-modile.

Eﬁf a.) Twe previous owrollay =D 3 veT <4 ([-v)M=O.
voois iwn .Qu,c_vj wmax ' | ICLL,CIII %o l-v  is 1n wo w\_ax'l

ideal, o [-r is o unit = M =0.

bY) Lt N« M/(sRm)



Tham N/IN B %Mi—(i?m}) =0.

=] N‘IN‘, w» N=0 = M‘SRW\(. D

f\ig-l_-.c: We owssumed M is {"3/ S0 Wwe CDVVH‘ Uhse POlV{" l’) to PV&)’\\/’L rowe

module i ﬁ\m'{-dj é,U/kLV‘OL‘l‘Cd.

(A\f: I.'p M WV\J N Ove, ‘Cj R"’ MOA»U'LLSj M M@RN=O |

Tran omnM+annN=R. £ R is loca(J M o N is O

Pf: First oqsumae R s lowl omd M +O. P iy tug max'l
M
idoal ) Nakmﬂam = /PM F 0. Twis s am R/P ~ vector Spat,

em ‘—’%.

wo Twuels co m-rde.chim

N
Twus, MeN=o surgecks  owto R/P @ N = 6y, = N=PN=N=.

Now i+ R & hot lU(.Oll) os8sUunag annM +ann N # R

Find  somn privae P Lum{-m'vxl'l:j pan M omd  anu N-

T, MP ®Rr NP =0 = et MPov NP i O
MP=O = T\Mmc's aw e+ hot in P W{‘ Mhhfl/\flm']'q each Wﬁ;\,
v e onclu.c;f omunihi'la beg M, o conbredrcfion. T



